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Abstract. -The wave packet approach to neutrino oscillations provides an enlightening description of quantum decoherence induced, during propagation, by localization effects. Within this approach, we show that a deeper insight into the dynamical aspects of particle mixing can be obtained if one investigates the behavior of quantum correlations associated to flavor oscillations. By identifying the neutrino three-flavor modes with (suitably defined) three-qubit modes, the exploitation of tools of quantum information theory for mixed states allows a detailed analysis of the dynamical behavior of flavor entanglement during free propagation. This provides further elements leading to a more complete understanding of the phenomenon of neutrino oscillations, and a basis for possible applicative implementations. The analysis is carried out by studying the distribution of the flavor entanglement; to this aim, we perform combined investigations of the behaviors of the two-flavor concurrence and of the logarithmic negativities associated with specific bipartitions of the three flavors.
Introduction. -The study of entanglement in elementary particle systems belongs to the current frontiers of research in Physics [1] [2] [3] [4] [5] [6] [7] [8] [9] [10] [11] [12] [13] [14] . In fact, the study of quantum correlations in these systems can offer a complementary and enlightening viewpoint for understanding fundamental phenomena. Furthermore, it represents a prerequisite for a subsequent analysis in applicative contexts concerning, for instance, the implementation of quantum information protocols in the framework of elementary particle physics and quantum field theory.
The phenomenon of flavor oscillations associated with the neutrino mixing must be considered a significant instance of dynamical entangled system characterized by single-particle, multi-mode entanglement [4, 5, [11] [12] [13] 15] . By using proper entanglement measures, it has been shown that flavor entanglement can be written in terms of the flavor transition probabilities; furthermore, it has been also proposed an experimental scheme that allows the transfer to spatially delocalized two-flavor charged lepton states of the quantum information encoded in neutrino states [5] . The analysis inherent the quantification and characterization of multi-mode flavor entanglement in the oscillating neutrino system has been carried out both in a quantum-mechanical setting [4, 5, 13] and in the framework of quantum field theory [11, 12] , while decoherence effects have been investigated in Refs. [4, 13] . In these articles, the multipartite entanglement in the dynamics of flavor oscillations was analyzed by using, as reference space, the (three-qubit) Hilbert space associated with neutrino mass eigenstates. By adopting the wave-packet description for the mass eigenstates, it was shown a strict connection between the decoherence effects and the spatial behavior of quantum entanglement; in fact, due to the differences among the neutrino masses, the corresponding wave packets propagate at different group velocities, thus resulting in a mutual spatial separation that increases during the propagation. Consequently, the free evolution leads to a progressive loss of the coherent interference effects, that are connected with the destruction of the oscillation phenomenon and with the vanishing of the multipartite quan-tum entanglement among mass modes.
On the other hand, the (anyway interesting) approach based on the mass eigenstates involves some drawbacks, since it deals with a not directly observable context. In the present paper we accomplish a further step forward in the analysis of the dynamic of quantum correlations by considering the propagation of flavor neutrino states, which directly enter into the production and detection processes.
By using the wave packet approach, we analyze the behavior of multipartite entanglement relative to the (threequbit) Hilbert space of flavor neutrino eigenstates. Although the neutrino system is described in principle by a pure state, we obtain a mixed state after a time integration has been performed, following a standard procedure. Consequently, in order to quantify the entanglement content of such a mixed state, we exploit two measures, the concurrence and the logarithmic negativity, that were specifically devised for this case. In detail, we consider the content of entanglement shared by two given flavors after a partial trace has been performed with respect to the third flavor (concurrence), and the content of entanglement in bipartitions of the three-flavor system (logarithmic negativity). We show that the transition probabilities provide only partial information about the dynamics of quantum correlations, and that the use of quantum information methods leads to a deeper insight. Indeed, such correlations are not fully encoded into flavor oscillation transition probabilities, but can be unveiled by means of appropriate experimental protocols. In particular, it is worth to be remarked that the combined exploitation of the two, operationally different, measures provides indications about the distribution of the entanglement among the different flavors.
The paper is organized as follows. First we review the wave-packet approach for free propagating neutrinos, and the main aspects related to flavor oscillations. After introducing the suitable entanglement measures, we move to the results by investigating the behavior of the entanglement associated with flavor oscillations. Finally, we draw our conclusions.
Neutrino flavor oscillations: wave packet approach. -The standard theory of neutrino oscillations, which describes the free evolution dynamics, is developed using the plane-wave approximation [17] . Of course, such an approximation cuts off all the effects due to localization. In order to recover a more realistic description of the phenomenon, one has to resort to the wave packet approach [18] [19] [20] [21] (for reviews see Refs. [22, 23] ). Following the procedure reported in Refs. [19] [20] [21] , a neutrino with definite flavor, which propagates along the x direction, can be described by the state:
where |ν j is the mass eigenstate of mass m j , and ψ j (x, t) is its wave function; the U αj denotes the corresponding element of the PMNS mixing matrix in the standard form U (θ, δ), with (θ, δ) ≡ (θ 12 , θ 13 , θ 23 ; δ), being θ ij the mixing angles and δ the CP-violating phase (see Eq. (1) of Ref. [5] ). Assuming a Gaussian distribution ψ j (p) for the momentum of the massive neutrino |ν j
the wave function writes:
where p j is the average momentum, σ p is the momentum uncertainty, and E j (p) = p 2 + m 2 j . The density matrix associated with the pure state, Eq. (1), is given by:
By assuming the condition
Ej is the group velocity of the wave packet of the massive neutrino |ν j . With such an approximation, the Gaussian integration over p in Eq. (2) can be easily performed (see Ref. [20] for details). In the instance of extremely relativistic neutrinos, one can exploit the following further approximations:
where E is the neutrino energy in the limit of zero mass [19, 20] . The resulting density matrix provides a spacetime description of neutrino's dynamics. Due to the long time exposure of the detectors, it is convenient to consider an average in time of ρ α (x, t), i.e. a further Gaussian integration over the time, yielding the final density matrix [20] :
where σ x = (2σ p ) −1 , and ∆m
The parameters in Eq. (6), i.e. the mixing angles θ ij and the squared mass differences ∆m 2 jk , and the parameters E and σ p , are fixed to the experimental values (see Ref. [24] ):
Flavor entanglement in neutrino oscillations Quantum entanglement is a physical quantity that depends on the chosen observables, and that is endowed with an operational meaning determined by the selected observables and subsystems. In Refs. [4, 13] , by establishing the identification |ν i = |δ i1 1 |δ i2 2 |δ i3 3 ≡ |δ i1 δ i2 δ i3 (i = 1, 2, 3), the coherence of the quantum superposition of the neutrino mass eigenstates has been investigated in terms of the spatial behavior of the multipartite entanglement of the state (6). However, from an experimental point of view, it would be preferable to consider the three-qubit Hilbert space associated with the three flavors, i.e. through the alternative identification |ν α = |δ αe e |δ αµ µ |δ ατ τ ≡ |δ αe δ αµ δ ατ (α = e, µ, τ ). To this aim, by using the relation |ν i = α=e,µ,τ U αi |ν α , we rewrite the ρ α (x) in the form:
with k, j = 1, 2, 3 and β, γ = e, µ, τ . The transition probability for the neutrino state ρ α (x) to be in the flavor η at position x is given by:
In Fig. 1 , we plot P να−→νη (x) (for α = e, µ) as a function of x. We observe that the transition probabilities are all characterized by a common feature: if their behavior is analyzed with respect to the spatial dimension, after an initial more stable trend they undergo an intermediate phase of wide and rapidly decreasing oscillations, until achieving a final stationary value. From definition (11), we see that the transition probabilities provide only partial information; in fact, these probabilities are given by the diagonal elements F (α) ηη . They do not provide any information about quantum correlations between two generic flavors or between two generic subsystems, which are encoded in the off-diagonal elements F (α) ηη ′ , η = η ′ , η, η ′ = e, µ, τ . Therefore we resort to quantum information tools to gain additional insights.
Entanglement measures. -The density matrix written in the form (9) represents, in general, an entangled mixed state, whose entanglement content can be quantified by means of properly devised measures. Thus, we provide a brief recall of the definitions of the entanglement measures used in the present analysis (for recent and detailed reviews on the qualification, quantification, and applications of entanglement, see Refs. [33, 34] ). In the instance of mixed states, the entropic measures, such as the von Neumann entropy and the linear entropy, cannot be used. In order to characterize the bipartite entanglement of mixed states, several entanglement measures have been proposed, see e.g. Refs. [35] [36] [37] [38] . In this work, we are concerned with three-partite states, that is three flavor (three-qubit) states. In order to characterize the bipartite entanglement of such multipartite mixed states we will use two computable entanglement monotones: the concurrence [38] and the logarithmic negativity [37] . Conceptually, the logarithmic negativity is of particular interest because it has been showed that it is a full entanglement monotone notwithstanding the fact that it is not convex [39] .
We anticipate that, in order to investigate the entire structure of multipartite entanglement in three-flavor mixed states, in future work [40] , we will study the behavior of the genuine multipartite conccurence and of the three-tangle, which were introduced and discussed in Refs. [41] [42] [43] .
The first measure is closely related to the entanglement of formation which is the minimal amount of entanglement needed for the production of a mixed state described by a given density matrix. We denote by ρ the density operator, corresponding to an arbitrary N -qubit state, that describes a system partitioned into N parties. The reduced density operator ρ (α, β) associated with the ρ is defined as:
where the trace operation is made over all the parties different from α and β. The spin-flipped stateρ (α, β) reads:
where the complex conjugate is taken in the standard basis {|00 , |01 , |10 , |11 }. Then the concurrence is given by:
where
are the square roots of the four eigenvalues of the non-Hermitian matrix ρ (α, β)ρ(α, β) , and are non-negative real numbers taken in decreasing order with respect to the index i. Therefore the concurrence can be used to measure the entanglement between two flavors in the neutrino three flavor state, after tracing the third flavor. We thus compute the quantities C ρ
, and with α, β, γ, η = e, µ, τ .
Since the state ρ α (x) possesses multipartite components, in order to obtain a complete characterization of the entanglement content we exploit a measure belonging to the typology of global measure of entanglement [44] [45] [46] [47] [48] . The global measure approach relies on the construction of the set of all possible bipartitions of the total system, that are able to encompass both bipartite and multipartite contributions. We define a global entanglement measure for mixed states based on the logarithmic negativity as proper measure for each bipartition. Let ρ be a multipartite mixed state associated with a system S, partitioned into N parties. Again, we consider the bipartition of the N -partite system S into two subsystems S An and S BN−n . We denote bỹ
the bona fide density matrix, obtained by the partial transposition of ρ with respect to the parties belonging to the subsystem S BN−n . The logarithmic negativity associated with the fixed bipartition will be given by
where · 1 denotes the trace norm. Finally, we define the average logarithmic negativity
where the sum is intended over all the possible bipartitions of the system. Of course we can easily construct from Eq. (6) the matrix with elements lmn|ρ α (x)|ijk , where i, j, k, l, m, n = 0, 1, and analytically compute the quantities E (β,γ;η) N α , for β, γ, η = e, µ, τ and β = γ = η, and the average logarithmic negativity E Results. -We analytically compute both the concurrence C (β,γ) α and the logarithmic negativity E (β,γ;η) N α associated with the state ρ α (x):
We observe that the above quantities are expressed in terms of off-diagonal terms. Fig. 2 contains the plots of the concurrence C (β,γ) α for α = e, µ. Looking at the curves in Fig. 2 , we can investigate the distribution of the entanglement between two specific flavors. For instance in the panel I of the same figure, the entanglement is initially distributed between the couples (ν e , ν µ ) and (ν e , ν τ ), while, for greater distance, also the component (ν µ , ν τ ) acquires a growing, and then oscillating, weight. On the contrary, in the panel II, (ν µ , ν τ ) is initially associated with the greatest component; subsequently the entanglement is distributed quite evenly among all the components, exhibitp-4
Flavor entanglement in neutrino oscillations ing an oscillatory behavior till a stabilization at a final constant value. Nevertheless, being based on the trace performed on one flavor, the concurrence cannot provide a complete description of the entanglement distribution. Therefore, we exploit the global entanglement measure, built of the logarithmic negativities. In Fig. 3 it is plotted the logarithmic negativity E (β,γ;η) N α for α = e, µ. The (double-dot-dashed line) is also reported in both panels. The CP-violating phase δ is fixed as δ = 0. The x axis is in logarithmic scale, and the dimensions are meters. curves in Fig. 3 allow to guess some indications about the distribution of entanglement between the three bipartitions (β, γ; η). For example, in panel I of the figure, we can observe that all the bipartitions possess a similar amount of entanglement as x varies. Instead in panel II, the bipartitions (e, µ; τ ) and (e, τ ; µ) exhibit a quite identical oscillatory behavior, with most of the entanglement content of the state. The set of measures plotted in Figs. 2 and 3 can be exploited in a complementary way to get a clear picture of the entanglement concentration between the flavors (β, γ) and the bipartitions (β, γ; η). In fact, for certain regions of x, the entanglement is equally distributed both in the flavors and the bipartitions. As an example, looking at the space interval [10 8 , 10 9 ] in panel I of Fig. 2 and in panel I of Fig. 3 , we observe that both the concurrences and the logarithmic negativities exhibit, for some limited regions, high and comparable levels. This evidence can be considered a signature of tripartite entanglement.
A very important aspect is that, by comparing Fig. 1  with Figs. 2 and 3 , the behavior of entanglement measures is evidently not monotone with respect to that of transition probabilities. This implies that the off-diagonal correlations add further insight to the understanding of the evolution of flavor neutrino states.
We see that, analogously to the transition probabilities, both C (β;γ) α and E (β,γ;η) N α tend to constant values for sufficiently high distances x. This fact is due to the spatial separation of the wave packets; indeed, as a consequence, the interference effects are destroyed by the decoherence due to localization (i.e. damping of the oscillations). In this regime, the only surviving entanglement is the static intrinsic one [4] , due to the peculiarity of systems exhibiting particle mixing.
Conclusions. -In order to gain further insight in the physics of the evolution of neutrino oscillations, we have investigated the flavor entanglement content, and the corresponding quantum correlations when the neutrino state is described by a time-averaged wave-packet. The description of the neutrino state is carried out in its natural and directly observable playground, i.e. the flavor Hilbert space. The flavor entanglement provides further information about quantum correlations between different flavors and between different bipartitions of the threeflavor system. The main aspects concerning the entanglement shared by flavors and/or flavor subsystems have been analyzed in terms of space distribution. In particular, the entanglement distribution, i.e. the entanglement shared by flavors and/or flavor bipartitions, shows a peculiar behavior as a function of distance, which cannot be inferred by looking only at transition probabilities. It is worth to remark that an uniform distribution of entanglement among the three parties is observed in some regions of the space variable x. The aim of such investigations is twofold: to provide a deeper understanding of fundamental phenomena, and to lay the theoretical basis for possible practical implementations of quantum information protocols in the framework of elementary particle physics and quantum field theory.
